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1. INTRODUCTION 
Consider the ordinary differential equation 
Y’“’ (4 =P(G YW (1) 
and the functional differential equation 
Y’W =lJWy( g(t)>, (2) 
where IZ is even and p(t) and g(t) are continuous functions on [0, co) such 
that p(t) > 0 and lim,,, g(t) = co. 
According to a result of Kiguradze [2], if y(f) is a nonoscillatory solution 
of (1) [or (2)], then there are an even integer I E {0,2,..., n) and a number 
t, > 0 such that 
y(t)y”‘(l) > 0 on [t,,m) for O<i<l, 
(-)‘-‘y(t)y”‘(t) > 0 on [t,, co) for I + 1 < i < n. 
(3) 
Such a y(t) is said to be a (nonoscillatory) solution of degree 1 (see Foster 
and Grimmer [ 1 I), and the set of all solutions of (1) [or (2)] of degree I is 
denoted by 4. If we denote the set of all nonoscillatory solutions of (1) [or 
(2)] by N, then we have 
In what follows we shall often consider functional differential inequalities 
of the form 
1 YW -.f(t, Y( g(O)> I sgny( g(O) Z 0, (5) 
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where j(t, y) is continuous on [0, co) X R and satisfies yf(t, y) > 0 for y # 0. 
Kiguradze’s lemma also applies to nonoscillatory solutions of (5) and 
employing the same terminology and notation as above, we see that the 
classification relation (4) holds for (5). 
It is known that Eq. (1) always has solutions of degrees 0 and n, that is, 
-A$ # (b and Jy f 4 for (1). The situation for Eq. (2) is different. In fact, it 
may happen that X0 = Q or &, = $ for (2) when the deviation ] t -g(t)] is 
sufftciently large. This remarkable fact was first observed by Ladas et al. 
15-71. Recently Koplatadze and Canturija [3] have shown that Eq. (2) does 
not allow solutions of degree 0, i.e., J$ = 0 if g(t) < t, g(t) is nondecreasing, 
lim,, g(t) = a, and 
1 
i 
f 
li?+?p k!(n - k - l)! b-gtt)Jk [gtt>-gt~)l”-k-‘~t~)~~ > 1 (6) g(f, 
for some k E (0, l,..., n - 1 }, and that Eq. (2) does not allow solutions of 
degree IZ, i.e., JLT, = 0 if g(t) > t, g(t) is nondecreasing and 
1 
i 
t?(f) 
“?“,“’ k!(n -k - l)! Ms)-&)lk Mt>-sl”-k-‘Ptw> 1 (7) I 
for some k E (O,..., n - 1). The same authors have also given sufficient 
conditions under which all nonoscillatory solutions of (2) with g(t) < t are of 
degree n, i.e., JY =,Y,, and all nonoscillatory solutions of (2) with g(t) > t 
are of degree 0, i.e., Jtr =MO. 
It is then natural to expect hat there will be no nonoscillatory solution, or 
equivalently all solutions will be oscillatory for certain functional differential 
equations involving both advanced and retarded arguments. The purpose of 
this paper is to show that this is indeed the case for the even-order equation 
Y’“‘W =PwYtgw) + dt)Ytw))~ (8) 
where p(t), q(t), g(t) and h(t) are continuous functions on [0, co) such that 
p(t) > 0, q(t) > 0, g(t) < t and h(t) > t. Explicit sufficient conditions will be 
given which guarantee that all solutions of (8) are oscillatory. These will be 
derived in Section 4 as a result of the respective analysis of retarded 
equations (Section 2) and advanced equations (Section 3). The oscillatory 
behavior of nonlinear equations of the form 
Y’“V) =m @( Y( g(t))) + q(t) w Y(W)) (9) 
will also be studied. In this paper solutions are assumed to be defined for all 
t > 0. 
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2. RETARDED EQUATIONS AND INEQUALITIES 
We start with the differential inequality with retarded argument 
{ u’“‘(t) -P@)Y( g(t))1 skw( g(t)) > 0, (10) 
where n is even, p(t) and g(t) are continuous on [0, co), p(t) > 0, g(t) < t, 
g(t) is nondecreasing, and lim,,,&t) = co. We are interested in the situation 
in which there is no nonoscillatory solution of degree 0 of (10) (JYI, = () or 
all nonoscillatory solutions of (IO) are of degree n (N = Jy^,). 
The following theorem is essentially due to Koplatadze and Canturija [3]. 
THEOREM 1. Zf (6) holdsfor some k E (0, l,..., n - l), then (10) has no 
nonoscillatory solution of degree 0. Zf in addition 
I O” [ g(t)]“-‘-‘p(t)dt= 00 (11) 
for some E > 0, then all nonoscillatory solutions of (10) are of degree n. 
The following theorem concerning the particular case where p(t) =p” and 
g(t) = t - u is a slight extension of a result of Ladas and Stavroulakis [8]. 
THEOREM 2. Let p > 0 and u > 0 be constants. Then pee > 1 is a 
necessary and suflcient condition in order that all nonoscillatory solutions of 
the inequality 
( y’“‘(t) -p”y(t - no)} sgn y(t - no) > 0 (12) 
be of degree n. 
Proof: Ladas and Stavroulakis has proved that No = d for (12) if and 
only if pue > 1. It remains to show that .N = Ju^, for (12) if pae > 1. Let y(t) 
be a nonoscillatory solution of (12) of degree I > 0. We may assume that 
y(l) > 0 for t > lo. Then (3) holds for t > t, > t,. Putting t, = I, + nu, if 
I < n, we have 
y”‘(t) -y”‘(t,) = y’“‘(s) ds 
> “!’ y(j’(t,) 
/ - (t - t,Y’-’ +~“y(t,) 4 ;n;s;“l,; ds 
j=f+ 1 (j- I)! 
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for t > t,. It follows that y”‘(t) + co as t -+ co. But this is impossible since 
y”‘(t) is bounded above. Hence we must have f = n. This completes the 
proof. 
We now consider the nonlinear inequality 
1 P’(t) -p(t) @(y(t)>)} wv(gW) > 0, (13) 
where IZ, p(t) and g(t) are as above and Q(y) is a continuous function on R 
such that J@(Y) > 0 for y # 0 and 
lirn WY> -= al. 
y-0 y 
(14) 
THEOREM 3. Suppose that the inequality 
{z’“‘(t) - b(t) z(dt))l w 4 g(t)) > 0 (15) 
has no nonoscillatory solution of degree 0 for all sufficiently large A > 0. 
Then inequality (13) has no nonoscillatory solution of degree 0. 
Proof. Suppose to the contrary that (13) possesses a nonoscillatory 
solution y(t) of degree 0. The limit lim,,, y(t) = q exists and is finite. If 
q # 0, then we have 
i 
co 
t-$(t) dt < 00, 
and this guarantees, for each fixed 1 > 0, the existence of a nonoscillatory 
solution z(t) of the following equation which tends to a finite nonzero limit 
as t+ co: 
z(“)(t) - I”p(t) z( g(t)) = 0. 
Clearly, z(t) is of degree 0. This contradiction shows that v = 0. In view of 
(14), for a large fixed value of L, there is a T > 0 such that 
i@(y(g(t)N - AYZY( g(t)>) wv( g(t)) > 0 for t > T. (161 
From (13) and (16) we obtain 
{ y’“‘(t) - &W y( g(t))1 w Y( g(t)) 2 0, t > T. 
This again contradicts the hypothesis and the proof is complete. 
EXAMPLE 1. Consider the sublinear retarded equation 
y’“‘(t) =N) I Y( gW)l” wv( g(t)), O<a< 1. (17) 
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From Theorems 1 and 3 it follows that Jv;, = 4 for (17) if 
lim sup t’ao k!(n-;- I)! ft) b-g(*V [g(*)-g(s)l”-k-lP(S)ds > 0 (18) 
for some k E (0, l,..., n - I}. This is an improvement of a result of Sticas 
and Staikos [9]. In particular, -4 = 4 for the equation 
y’“‘(t) = P I Y@ - o)l” w ~(t - 01, O<a< 1, (19) 
where p and u are positive constants. 
3. ADVANCED EQUATIONS AND INEQUALITIES 
We now turn to the differential inequality with advanced argument 
i y’“‘(t) - q(t) y@t*)) 1 sm ytht*)) > 0, (20) 
where n is even, q(t) and h(t) are continuous on [0, a), q(t) > 0, h(t) > t and 
h(t) is nondecreasing. Our attention is paid to the situation in which (20) has 
no nonoscillatory solution of degree n &Vi = 4) or all nonoscillatory 
solutions of (20) are of degree 0 (J‘=JQ. 
We first state a result of Koplatadze and bnturija [3]. 
THEOREM 4. Equation (20) has no nonoscillatory solution of degree n if 
1 
! 
h(t) 
“?+k?’ k!(n - k - I)! 
[h(s) - h(t)lk [h(t) - s]“-k-’ q(s) ds > 1 (21) 
t 
for some k E (0, l,..., n - 1 t. If in addition 
J 
O” *“-‘-‘q(t) dt = 03 (22) 
for some E > 0, then all nonoscillatory solutions of (20) are of degree 0. 
We shall state and prove a theorem which is a dual of Theorem 2 
pertaining to the retarded inequality (12). 
THEOREM 5. Let p > 0 and z > 0 be constants. Then pre > 1 is a 
necessary and suficient condition in order that all nonoscillatory solutions of 
the inequality 
{ y’“‘(t) -p”y(t + ns)} sgn y(* + ns) > 0 (23) 
be of degree 0. 
505/45/M 
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The proof is based on the following lemma which is of interest in its own 
right. 
LEMMA 1. The first-order inequality 
{Y’(t)-PY(t+r)i wY(t+r)>o (24) 
has no nonoscillatory solution if and only ifpre > 1. 
Proof. The method of Ladas [4] will be adapted. Suppose pre > 1. Let 
y(t) be a solution of (24) which is positive on [to, co). We then have 
Y’ (4 z PYO + r)9 t>,t,. (25) 
Since y’(t) > 0, y(t) is increasing, and so y(t + r) > y(t) for t > t,. Put w(t) = 
y(t + r)/y(t) and let w = lim inf,+, w(t). 
Case 1. w is finite. Dividing (25) by y(t) and integrating the resulting 
inequality from t to t + t, we have 
log w(t) >p [+’ w(s) ds, t>t,, 
and taking the lower limit as t--f co of the above, we get 
log w >pro or log o/w > pr. (26) 
Since max,>, [log w/o] = l/e, it follows from (26) that pre Q 1, a con- 
tradiction. 
Case 2. w is infinite. Then lim,,, w(t) = co. Integrating (25) from t to 
t + (r/2), we obtain 
y(t + (r/2)) -y(t) >P /tfi(r’2’ y(s + r) ds 2 f pry(t + r), 
which yields the following two relations for t > 1,: 
v(t + (r/2)) -I>+-pr u(t + r) 
YW v(t) ’ 
v(t) 
l - YC + (r/2)) 
1 y(t + r) 
’ 1” y(t -t (r/2)) ’ 
(27) 
From (27) it follows that lim t+aO y(t + (r/2))/y(t) = co. But this is not 
consistent with (28). Thus, (24) does not allow eventually positive solutions. 
Similarly, there is no eventually negative solution of (24). 
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Suppose that pre Q 1. Then, as easily verified, y(t) = e”“)’ is a positive 
solution of (24). Thus the proof is complete. 
Proof of Theorem 5. Suppose pre > 1. Let y(t) be a solution of (23) 
which is positive for t > t, and of degree I> 0. Proceeding exactly as in the 
proof of Theorem 2, we see that I= n, that is, y(t) > 0, 
y’(t) > o,..., y(“-1) (f) > 0 for all large t, say t > C, > t,. Define 
z(t)=y’“-l’(t) +py’“-*‘(f + 5) +p*y’“-3’(1+ 2r) 
+ **a +p+ly(t + (n - I)r). 
Then we obtain 
Z’(f) -pz(t + 5) = y’“‘(t) -p”y(t + ns), f>f,, 
so that z(f) is a positive solution of inequality (24). This, however, is a 
contradiction by Lemma 1. Therefore every eventually positive solution of 
(23) is necessarily of degree 0. The same is true of all eventually negative 
solutions of (23). 
Suppose pse < 1. Then, (23) has a solution y(f) = e”“” which is of degree 
n. This completes the proof. 
We consider the nonlinear inequality 
(29) 
when n, q(f) and h(f) are as above and ul( y) is a continuous function on R 
such that yY(y) > 0 for y # 0 and 
(30) 
THEOREM 6. Suppose that the inequality 
(z”“(f) -h(f) WO)l sgn z(W)) > 0 (31) 
has no nonoscillatory solutions of degree n for all su$%ienfly large Iz > 0. 
Then inequalify (29) has no nonoscillatory solution of degree n. If, for all 
large A > 0, all nonoscillatory solutions of (31) are of degree 0, then so are 
the nonoscillatory solutions of (29). 
Proof: It suffices to prove the second statement of the theorem. Assume 
that (29) possesses a nonoscillatory solution y(f) of degree I> 0. Since I> 2, 
lim,, (y(t)/ = co. Because of (30), for a large fixed value of ,I, there is a 
T > 0 such that 
{WY(W))) - MW~ w y(W)) 2 0, f>T. (32) 
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In view of (29) and (32) we obtain 
i PW - J4(t> YWN wWW) 2 0, 
This, however, contradicts the hypothesis. 
t > T. 
EXAMPLE 2. Consider the superlinear advanced equation 
P’(t) = q(t) I~WW w ~VW9 p> 1. 
It follows from Theorems 4 and 6 that Jv^, = 4 for (33) if 
(33) 
1 
i 
h(l) 
‘i?+:p k!(n -k - l)! 
[h(s) - h(t)]k [h(t) - S]“-k-’ q(s)& > 0 (34) I 
for some k E (0, l,..., n - 1). 
Example 3. Consider the following particular case of (33): 
v”(t) = 4 I Y(t + 41” xiv Y(t + 4, s> 1, (35) 
where q > 0 and r > 0 are constants. Combining Theorem 5 with Theorem 6, 
we conclude that M =X0 for this equation. 
4. EQUATIONS WITH ADVANCED AND RETARDED ARGUMENTS 
In this section we are concerned with the differential equation with both 
retarded and advanced arguments 
Y’W =p(t) Y( g(t)> + 4(t) Y(W))* (36) 
We assume that n is even, p(t), q(t), g(t) and h(t) are continuous on [0, co), 
p(t) > 0, q(t) > 0, g(t) and h(t) are nondecreasing, (t) < t, lim,,, g(t) = co 
and h(t) > t. 
We focus our attention on the situation in which all solutions of (36) are 
oscillatory. To see that such a situation does occur we consider the second- 
order equation 
y”(t) =p’y(t - 20) + q2y(t + 2r), (37) 
where p, q, u and r are positive constants such that pae > 1 and qre > 1. 
Under these conditions all solutions of (37) oscillate. Otherwise, and without 
loss of generality, there exists a positive solution y(t) of (37). Then 
y”(t) > p”y(t - 20) (38) 
EVENORDERDIFFERENTIALEQUATIONS 83 
and 
y”(t) > q2y(t + 2T). (39) 
The solution y(t) is either bounded (i.e., y E Jy^) or unbounded (i.e., y E N;). 
But it is known (see [8]) that (38) cannot have bounded positive solutions 
and (see Theorem 5) (39) cannot have unbounded positive solutions. This 
contradiction proves the claim that all solutions of (37) oscillate. 
Let us now consider Eq. (36) for general even n. If y(t) is a nonoscillatory 
solution of (36), then it satisfies the retarded inequality (10) as well as the 
advanced inequality (20) for all sufficiently large t. It follows that all 
solutions of (36) are oscillatory if M = Jy^ for (10) and JUT, = 4 for (20), or 
if JV = M0 for (20) and X0 = 4 for (10). On the basis of this observation and 
using the results of Sections 2 and 3, we have the following oscillation 
theorems. 
THEOREM 7. Suppose both (6) and (21) hold. If in addition (11) or (22) 
holds, then all solutions of Eq. (36) are oscillatory. 
This follows immediately from Theorems 1 and 4. Putting Theorems 2 and 
5 together, we obtain the following result which extends the criterion for (37) 
stated above. 
THEOREM 8. Let p, q, o and 5 be positive constants. If pee > 1 and 
qze > 1, then all solutions of the equation 
are oscillatory. 
y’“‘(t) =p”y(t - no) + q”y(t + nt) (40) 
EXAMPLE 4. Consider the equation 
y”)(t) = 8y(t - n) + 8y(t + n). (41) 
This is a special case of (38) in which n = 4, p = q = 23’4 and u = r = n/4. 
Clearly pee = qte > 1, so that all solutions of (41) are oscillatory by 
Theorem 8. One such solution is y(t) = sin 2t. 
Similar arguments apply to nonlinear equations. As an example we give 
the following result. 
THEOREM 9. Let p, q, a, p, o and t be positive constants and consider 
the equations 
y(“)(t) =p ) y(t - o)l” sgn y(t - a) + q”y(t + nz), (42) 
y(“)(t) =p”y(t - na) + q 1 y(t + r)14 sgn y(t + t), (43) 
Y”(G=PIY(~--I” w.W---a)+qlYQ+~V wv(t+G (44) 
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(i) If0 < a < 1 and qte > 1, then all solutions of (42) are oscillatory. 
(ii) If/I > 1 and pae > 1, then all solutions of (43) are oscillatory. 
(iii) If0 < a < 1 and p > 1, then all solutions of (44) are oscillatory. 
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